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Abstract. We consider the family of one-dimensional maps arising from the contracting 
Lorenz attractors studied by Rovella. Benedicks-Carlcson techniques were used in (R.o93 
to prove that there is a one-parameter family of maps whose derivatives along their critical 
orbits increase exponentially fast and the critical orbits have slow recurrent to the critical 
point. Mctzger proved in [M cOO] that these maps have a unique absolutely continuous 
crgodic invariant probability measure (SRB measure). 

Here we use the technique developed by Freitas in |Fr051 IFrlOj and show that the tail 
set (the set of points which at a given time have not achieved either the exponential 
growth of derivative or the slow recurrence) decays exponentially fast as time passes. As 
a consequence, we obtain the continuous variation (in the L 1 -norm) of the densities of the 
SRB measures and associated metric entropies with the parameter. Our main result also 
implies some statistical properties for these maps. 



1. Introduction 

The Theory of Dynamical Systems studies processes which evolve in time, and whose 
evolution is given by a flow or iterations of a given map. The main goals of this theory are 
to describe the typical behavior of orbits as time goes to infinity and to understand how 
this behavior changes when we perturb the system or to which extent it is stable. 

The contributions of Kolmogorov, Sinai, Ruelle, Bowen, Oseledets, Pesin, Katok, Mane 
and many others turned the attention of the focus on the study of a dynamical system from 
a topological perspective to a more statistical approach and Ergodic Theory experienced 
an unprecedented development. In this approach, one tries in particular to describe the 
average time spent by typical orbits in different regions of the phase space. According 
to the Birkhoff's Ergodic Theorem, such averages are well defined for almost all points, 
with respect to any invariant probability measure. However, the notion of typical orbit is 
usually meant in the sense of volume (Lebesgue measure), which may not be invariant. 

It is a fundamental open problem to understand under which conditions the behavior 
of typical points is well defined, from the statistical point of view. This problem can be 
precisely formulated by means of Sinai- Ruelle- Bow en (SRB) measures which were intro- 
duced by Sinai for Anosov diffeomorphisms and later extended by Ruelle and Bowen for 
Axiom A diffeomorphisms and flows. Here we consider discrete time systems given by a 
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map /:/—>■/ on an interval I C R. Given an /-invariant Borelian probability /i in J, we 
call 6asm of \x the set -B(/i) of points x £ / such that 

lim — y (p(f\x)) = I ip d/jb, for any continuous cp : I — > R. (1) 

3=0 J 

We say that \i is an 5725 measure for / if the basin B{\x) has positive Lebesgue measure 
in /. 

Trying to capture the persistence of the statistical properties of a dynamical system, 
Alves and Viana in [AV02] proposed the notion of statistical stability, which expresses the 
continuous variation of SRB measures as a function of the dynamical system in a given 
family J 7 of maps endowed with some topology. Assume that each one of these maps in 
T has a unique SRB measure. We say that / is statistically stable if the map associating 
to each g £ T its SRB measure \i g is continuous at /. Regarding the continuity in the 
space, we may consider weak* topology or even strong topology given by the L 1 -norm in 
the space of densities (if they exist) with respect to Lebesgue measure. 

Based on the work |AV02j , sufficient conditions for the strong statistical stability of non- 
uniformly expanding maps were given in in [A104J . The conditions have to do with the 
volume decay of the tail set, which is the set of points that resist satisfying either a non- 
uniformly expanding requirement or a slow recurrence, up to a given time. Freitas proved in 
[Fr05l IFrlOj that the Benedicks-Carleson quadratic maps are non-uniformly expanding and 
slowly recurrent to the critical set, and the volume of their tail sets decays exponentially 
fast, so that the results in |A104] apply. Thus, these maps are statistically stable in the 
strong sense. For this purpose Freitas elaborated on the Benedicks-Carleson techniques in 
the phase space setting. 

1.1. Contracting Lorenz attractor. The geometric Lorenz attractor is the first example 
of robust attractor for a flow containing a hyperbolic singularity |GW79j . The singularity 
is accumulated by regular orbits which prevent the attractor to be hyperbolic. Lorenz 
attractor is a transitive maximal invariant set for a flow in 3-dimensional spaces induced by 
a vector field having singularity at origin which the derivative of vector field at singularity 
has real eigenvalues A 2 < A 3 < < Ai with Ai + A 3 > 0. 

The construction of the flow containing this attractor is the same as the geometric Lorenz 
flow. The original smooth vector field Xo in R 3 has the following properties: 

Al) Xq has a singularity at for which the eigenvalues Ai, A2, A3 £ R of DX (0) satisfy: 

i) < Ai < -A 3 < -A 2 , 

ii) r > s + 3, where r = — s = — j^; 

A2) there is an open set U C R 3 , which is positively invariant under the flow, containing 
the the cube {(x,y,z) : \x\ < l,\y\ < 1, \z\ < 1}. The top of the cube is a 
Poincare section foliated by stable lines {x = Const} D £ which are invariant under 
Poincare first return map Pq. The invariance of this foliation uniquely defines a one 
dimensional map /o : -^\{0}— > I for which 

f Q O 7T = 7T o P , 

where I is the interval [—1, 1] and ir is the canonical projection (x, y, z) y x; 
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A3) there is a small number p > such that the contraction along the invariant foliation 
of lines x = Const in U is stronger than p. 
Observe that Rovella replaced the usual expanding condition A 3 + Ai > in the hyperbolic 
singularity of the Lorenz flow by the contracting condition A3+A1 < 0. The one-dimensional 
map /o satisfies the following properties: 

Bl) /o has a discontinuity at x = and 

lim f (x) = -1, lim f (x) = 1; 

x—¥0 + x— 

B2) f^x) > for all x ^ with sup f' (x) = sup f (x) = f^-l) and 

xe(o,i] {x<o} 

lim r^T—. exists and it is nonzero; 

B3) ±1 are pre-periodic and repelling: there exist fci, A>2, 7ii, 712 such that 

= /*!(!), (/ -)U fel (i))>i; 
/ n2+fc2 (-i) = /o 2 (-i), (/o 2 )'(/o 2 (-i)) > i; 

B4) /o has negative Schwarzian derivative: there is a < such that in J \ {0} 

s(/ Hf)'-Kf) % - 




1.2. Rovella parameters. The above attractor is not robust. However, Rovella proved 
that it is persists in a measure theoretical sense: there exists a one parameter family 
of positive Lebesgue measure of C 3 close vector fields to the original one which have a 
transitive non-hyperbolic attractor. In the proof of that result, Rovella showed that there 
is a set of parameters E C (0, 1) with as a full density point of E, i.e. 

\En(0,a)\ 



lim 



such that: 



CI) there is K\,K2 > such that for all a G E and x G / 

KM" 1 < /«(*) < Ki\x\ s -\ 

where s = s(a). To simplify, we shall assume s fixed, as in |Ro93] : 
C2) there is A c > 1 such that for all a G E, the points 1 and —1 have Lyapunov exponents 
greater than A c : 

(/ n )'(±l) > A™, for all n > 0; 
C3) there is a > such that for all a G E the basic assumption holds: 

\f n -\±l)\ > e~ an , for all n > 1; (BA) 

C4) the forward orbits of the points ±1 under /„ are dense in [—1, 1] for all a G E. 

Metzger used the conditions Cl)-C3) in |Me00j to prove the existence of an ergodic abso- 
lutely continuous invariant probability measure for Rovella parameters. In order to obtain 
uniqueness of that measure, Metzger needed to consider a slightly smaller class of param- 
eters (still with full density at 0), for which conditions C2) and C3) imply a strong mixing 
property. 

As a corollary of our main theorem, we shall deduce here the uniqueness of the ergodic 
absolutely continuous invariant probability measure for a smaller set of Rovella parameters 
with full density at which we still denote it by E. Hence, for each a G E, the map f a 
has a Sinai-Ruelle-Bowen measure (SRB measure) fi a : there exists a positive Lebesgue 
measure set of points x G / such that 

1 n f 

lim - y~]<p(fa(x)) = / <p dfi a , for every yj G C°(I). 

l=\ J 

One of the goals of this work is to prove the statistical stability of this one parameter family 
of maps, that is, to show that the SRB measure depends continuously (in the L 1 norm in 
the space of densities) on the parameter a G E. We shall also obtain some statistical laws 
for these measures. 

1.3. Statement of results. To prove our main theorem we will use the result in [A104] . 
where sufficient conditions for the statistical stability of non-uniformly expanding maps 
with slow recurrence to the critical set are given. Observe that the non degeneracy condi- 
tions on the critical set needed in |A104] clearly holds in our case by the condition CI). 

Definition 1.1. We say that f a is non-uniformly expanding if there is a c > such that for 
Lebesgue almost every x & I 

1 n— 1 

liminf-5>g(/:(^(*)))>a (2) 

i=0 

Definition 1.2. We say that f a has slow recurrence to the critical set if for every e > 
there exists 5 > such that for Lebesgue almost every x G / 

1 n—l 

lim sup- V-logd 5 (^(x),0) <e, (3) 
n L — ' 

t=0 



where is the 5-truncated distance, defined as 



dV ,yj \ 1, if |x - 2/| > 5. 

We define the expansion time function 

£ a (x) = min IN > 1 : - £ log f' a (f l a (x)) > c,Vn > A 



n 

i=0 



which is defined and finite almost every where in /, provided holds almost everywhere. 
Fixing e > and choosing 5 > conveniently, we define the recurrence time function 

K a {x) = min |a>: i ^ -logdi(/*(x), 0) < e, Vn > iV 

which is defined and finite almost every where in /, as long as ([3]) holds almost everywhere. 
Now the tail set at time n is the set of points which at time n have not yet achieved either 
the uniform exponential growth of the derivative or the uniform slow recurrence: 

T™ = {xel: £ a (x) > n or H a (x) > n}. 

Remark 1.3. As observed in [A104|. Remark 3.8], the slow recurrence condition is not needed 
in all its strength: it is enough that ()3]) holds for some sufficiently small e > and conve- 
niently chosen 5 > only depending on the order s and c. For this reason we may drop 
the dependence of the tail set on e and S in the notation. Moreover, the constants c in ([2]) 
and e, 5 in ([3]) can be chosen uniformly on the set of parameters E. 

For the maps considered by Rovella, first we claim that (j2J) holds almost everywhere and 
the Lebesgue measure of the set of points whose derivative has not achieved a satisfactory 
exponential growth at time n, decays exponentially fast as n goes to infinity. Second, we 
claim that ()3]) also holds almost every where and the volume of the set of points that at 
time n, have been too close to the critical point, in mean, decays exponentially with n. 

Theorem A. Each f a , with a G E, is non-uniformly expanding and has slow recurrence 
to the critical set. Moreover, there are C > and r > such that for all a G E and n G N, 

\K\ < Ce~ Tn . 

To prove this result we shall use the technique implemented by Freitas in |Fr05t IFrlO] . 
Several interesting consequences will be deduced from this main result. In particular, the 
uniqueness of the ergodic absolutely continuous invariant probability measure. 

Corollary B. For all a G E, f a has a unique ergodic absolutely continuous invariant 
probability measure fi a . 

This follows from |ABV00| Lemma 5.6]. Actually, this lemma says that for a non-uniform 
expanding map, each forward invariant set with positive Lebesgue measure must have full 
Lebesgue measure in a disk of a fixed radius (not depending on the set). Applying this 
to the supports of two possible ergodic absolutely continuous invariant measures, together 
with the existence of dense orbits given by C4), we see that there is at least a common 
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point in the basins of both measures. Hence, by Riesz Representation Theorem, these 
measures must coincide. 

As an immediate consequence of Theorem |A] [A1044 Theorem A] and |AOT06t Theo- 
rem B] we have the strong statistical stability for the family of Rovella one-dimensional 
maps and the continuous variation of metric entropy. 

Corollary C. The function E 3 a H- d[i a jdm is continuous, if the L l -norm is considered 
in the space of densities, and the entropy of fi a varies continuously with a G E. 

Finally, we obtain several statistical properties for the SRB measures associated to the 
family of Rovella one- dimensional maps. In the formulation of our statistical properties we 
consider the space of Holder continuous functions with Holder constant 7 > 0, for some 
7 > 0. This is the space of functions tp : I — y R with finite Holder norm 

11 11 - 11 11 -<p(y2)\ 

Ml = MI°o + sup — : — . 

in** \yi,y2\ 1 

For a precise formulation of the concepts below see Appendix |A] 

Corollary D. For all a G E, the SRB measure fi a satisfies: 

(1) exponential decay of correlations for Holder against L°°(fi a ) observables; 

(2) exponential large deviations for Holder observables. 

(3) the Central Limit Theorem, the vector-valued Almost Sure Invariance Principle, the 
Local Limit Theorem and the Berry-Esseen Theorem for certain Holder observables. 

The exponential decay of correlations has already been obtained in [MeOOj for the subset 
of parameters in E (still with full density at 0) for which some strong topological mixing 
conditions holds. 

It is not difficult to see how Corollary [D] can be deduced from Theorem |A] Actually, it 
follows from Theorem |A] and |Go06| Theorem 3.1] that each f a with a G E has a Young 
tower with exponential tail of recurrence times. Then, the exponential decay of correlations 
and the Central Limit Theorem follows from [Yo99l Theorem 4]; the exponential large 
deviations follows from |MN08| Theorem 2.1]; the vector- valued Almost Sure Invariance 
Principle follows from |MN05[ Theorem 2.9]; and finally, the Local Limit Theorem and the 
Berry-Esseen Theorem follow from |Go05[ Theorem 1.2 & Theorem 1.3]. 

From Section [2] to Section Owe shall prove Theorem IA1 

2. Expansion and bounded distortion 

The following lemma gives a first property for the dynamics of maps with parameters 
near the parameter 0. This appears as an initial step in the construction of the set of 
Rovella parameters. 

Lemma 2.1. There are A > 1 and 5q > such that for any < 5 < 5q there are ao(5) > 
and c(S) > such that given any 16 / and a G [0, a (<?>)], 

(1) ifx,f a (x),...,fr 1 (x) i (-5,5), then (fS)'(x)>c(5)\ n ; 

(2) ifx, f a (x), . . . , fr l (x) i (-5, 5) and f2(x) G (-5, 5), then > A"; 

(3) ifx,f a (x),...,f:- l (x) i (-5,5) andf2(x) G (-e^e" 1 ), then (f2)'(x) > \\ n . 
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Proof. Though not explicitly stated in the present form, this result has essentially been 
obtained in the proof of [Ro93t Part IV, Lemma 1]. Here we follow the main steps of that 
proof in order to enhance some extra properties that we need, specially the third item and 
the factor c(S) in the first item. 

It was proved in |Ro93t Lemmas 1.1 and 1.2] that there are S and A (only depending 
on initial vector field) such that for any S < So there exists such that for every 

\y\ G (S, 6q) and a G [0, a,i(S)] there exists p = p(a, y) such that 

\P a {y)\>5o, forl<j<p and (fl)'(y) > X p . 

Also, there are m, Ai > 1 and a<i depending on So such that 

(f?)'(y) > whenever y, f a (y), f™~\y) £ (-So, S ), 

and 

(fi)'(y) > Ai if P a (y) G (-5 , S ) for some 1 < j < m. 
for a G [0, 02]. Take 

c(S) = min{(A' 2 /A 1 ) r 5 r(s - 1) : 1 < r < m}, 

a (S) = min{ai(5), a 2 (S )} and A = min{A ,Ai}. Consider n and x as in the statement 
and a G [0,a (5)]. First suppose that fl(x) ^ (— S ,S ) for all < j < n. We can write 
n = mq + r for some q > and < r < m, then 

(/r+7(x) = {f rJ {fnUry{x) > (A ' 2/Al) ^K-l) AI(Ar) , > c(5)A n ; (4) 

if /"(x) G (— So, Sq), we replace A^q^ 1 with A^. 

Now suppose the orbit of x up to n intersect (—So, Sq). We define < ti < . . . < t v < n 
as follows. Let ti = min{j > : fl(x) G (— Sq,So)} and t i+ \ be the smallest j with 
ti + Pi < j < n for which f{(x) G (—S,S). For the time intervals J = [0,ti) and J = 
[U, ti + p^ U + pi, t i+1 ), 1 < i < v, we get 

n/M»)^ A ' j| - ( 5 ) 

If n > t u +p u , then ([S]) holds for J = [t u , t u +p u ) and for J = [t u + p u , n) if /" (x) G (—5, S). 
For the time interval J = [£„ if f£(x) £ (— S ,S ) and for J = When 

n < t v + py, as in (jlj) we have 

\{fa(Pa(x))>c(S)\^. 

Without loss of generality, we may assume that the critical values ±1 are fixed by f . 
Given y such that f k (y) G (— e _1 ,e _1 ), let [a, b] be the maximal interval of continuity of 
/o that contains y. Then 

y c 

^)-J?M >y?(v) + 1 >!-«- = !(«-!), 
y — a e 

This implies (fo)'(y) > ~( e — 1)> because / has negative Schawarzian derivative and 
otherwise it violates the minimum principle. 
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Let m be as above and take A2 > 1 such that A™ < e — 1. From what we have seen 
above, we have for all small values of a and each k < m 

(fa)'(y) > - £ K, whenever f k (y) G (-e^e" 1 ). 

Given n and x as in the assumption, let < k < m be such that n = pm + k for some 
integer p. Taking A = min{Ai, A2}, we obtain 

(ry(x) = {p m+k )\x) = {f k )\p m {x)){r)\f {p - 1)m {x)) . . . (ry(x) 

> - \ k 2 A™ . . . A™ 

^> _ yk+pm 

~ e 

= Ia» 

e 

□ 

To establish the meaning of close to critical set we introduce the neighborhoods of 

U m = (-e" m , e~ m ), with men. 

Given any point x G /, the orbit of x will be split into free periods, returns and bound 
periods, which will occur in this order. 

The free periods correspond to iterates in which the orbit is not inside (for some big 
A) nor in a bound period. During these periods the orbit of x experiences an exponential 
growth of its derivative, provided we take parameters close enough to the parameter value 0, 
as shown in Lemma [2. 1[ 

We say that x has a return at a given j G N if p(x) G We shall consider two types 
of returns: essential or inessential. In order to distinguish each type we need a sequence of 
partitions of / into intervals that will be defined later. The idea of this construction goes 
back to the work of Benedicks and Carleson in [BC85j . 

The bound period is a period after a return time during which the orbit of x is bound to 
the orbit of the critical point. In order to define that precisely, suppose that the constant a 
in C3) has been taken small and let (3 = sa. Let I m = [e _m_1 , e~ m ) for m > A, I m = —I- m 
for m < 0, and = I m -i U I m U I m +i- We consider for each I m , the collection of m 2 equal 
length intervals I m> i, I mt 2, ■ ■ ■ , I m ,m 2 , whose union is I m , and order these I m ^ as follows: if 
i > j then dist(/ mii ,0) < dist(/ mj -,0). By I^ ni we denote the union of with the two 
adjacent intervals of the same type. 

Definition 2.2. Given x G /+, let p(x) be the largest integer p such that for 1 < j < p 

\fi(x)-f*-\-l)\<e-H, ifm>0, 

and 

If (x) -P < e~ Pj , ifm<0. 
The time interval 1, . . . ,p(x) — 1 is called the bound period for x. 
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Let us denote by p(m) the smallest p such that above condition holds for all x G I+. 
The bound period for 1+ is the time interval 1, . . . ,p(m) — 1. The proof of the next result 
is a consequence of conditions (C1)-(C3) and /' < 4; see |Me00l Lemma 4.2]. Note that / 
indicates every map f a with a G E. 

Lemma 2.3. If A is large enough, thenp(m) has the following properties for each \m\ > A: 
(1) there is Co = Co (a, 0) such that for j = 0, . . . , p(m) — 1 

! /, e[ - 1 ,/ (e -H +1 ) 1 , 

(%) taking K = (-log 4 + log(Ki/s) + s)/(/3 + log 4) we /iawe 

s|ra| s + 1 

— K < p(m) < — — — j7Ti| ; 



/3 + log4 - /3 + logA c 



(3) for all x <E 1+ we have 

(/pM)'(z) > e^W^H. 

Since {f n )'(x) = YYj=o f'(P( x ))i the return times introduce some small factors in the 
derivative of the orbit of x, but after the bound period not only that loss on the growth of 
the derivative has been recovered, as we have some exponential growth again. Note that 
an orbit in a bound period can enter Ua and these instants are called bound return times. 

Now we build inductively a sequence of the partitions Vo -< V\ < . . . of I (modulo a 
zero Lebesgue measure set) into intervals. We also build R n (cu) = {zi, . . . , which is 

the set of the return times of u G V n up to n, and Q n (u>) = {(mi, ki), . . . , (m 7 ( n ), fc 7 ( n ))} 
which records the indices of the intervals such that f Zi (uj) C I*. k for 1 < i < z 7 ( n ). By 
construction, we shall have for all n G No 

Vw G V n , f n+1 \ui is a diffeomorphism. (6) 

For n = we define 

P = {[-1, -S\, [5, 1]} U {/, TM : |m| > A, 1 < i < m 2 }. 

It is obvious that (jHJ) holds for every G 7-V Set Ro([— 1, — <5]) = Ro{[8, 1]) = and 
Ro{I m ,k) = {0}, also Q ([-l, -$]) = Qo([S, 1]) = and QoOW) = {(m, k)}. 

Assume now that V n -\ is defined and it satisfies (jSJ) and -R n _i, are defined on each 
element of V n -\. Fixing uj G V n -i, there are three possible situations: 

(1) If R n -i(u) 7^ and n < z 7 ( n _i) +p(m 7 r ri _i)), we call n a bound time for u;, and put 
u <EV n and set R n (co) = R n _i(ui) and Q n (u)) = Q n -i(uj). 

(2) If i? n _i(a;) = or n > z 7 ( n -i) + p(m 7 ( n )) and f n (cu) nU& C Ia,i U /-a,i> we call n 
a /ree izme for cu, put u; G "P n and set R n {oj) = R n _i(u) and Q n [oj) = Q n -\(uj). 
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(3) If the two above conditions do not hold, u has a return situation at time n. We 
consider two cases: 

(a) f n (u) does not cover completely an interval I m ,k- Since / n | w is a diffeomor- 
phism and u is an interval, f n (oo) is also an interval and thus is contained 
in some I^ k , which is called the host interval of the return. We call n an 
inessential return time for u, put uj G V n and set Rn(u)) = Rn-i(u) U {n}, 
Q n (u) = Q n -i(w) U {(m, fc)}. 

(b) f n {uj) contains at least an interval I m ,k, in which case we say that u has an 
essential return situation at time n. Take 

^m,k = f~ n {Im,k) H CJ, 

w+ = /-»([£, i])nw, 
w_= r"([-5,-i])n w . 

We have u;\/~ n (0) = U CJ m ,fc Uu + U w_. By the induction hypothesis f n \ w is 
a diffeomorphism and then each 0J m ^ is an interval. Moreover f n {uJm,k) covers 
I m j. may except for the two end intervals. We join co m ^ with its adjacent 
interval, if it dose not cover l mk entirely. We also proceed likewise when 
f n (u + ) does not cover /a-i,(A-i) 2 or does not cover /i_a,(A-i) 2 - So 

we get a new decomposition of oj\(u)+ U uJ) into intervals ui m ,k (mod 0) such 
that I mk C f n {oj mt k) C I^ lk . Put U! m ,k G for all indices (m,k) such that 
u m] (j 7^ 0, set R n (u mt k) = R n -\(uj) U {n} and call n an essential return time 
for a; m) fc. The interval is called the host interval of cu mi fc and Q n {^m,,k) — 
Qn-iiu) U {(m, k)}. In the case when f n (u + ) covers /a-i.(a-i) 2 we sa y n is an 
escape time for a; + and -R n (o; + ) = i? n _i(o;), = Q n _i(cj). We proceed 

similarly for w_. We refer to w+ and w_ as escaping components. 

To end the construction we have to verify that ([6]) holds for V n . Since for any interval 
J CI 

f n I / is a diffeomorphism 1 • i-rr i- 

i f n (J) J" =^ J |j is a diffeomorphism, 

we are left to prove ^ f n {u)) for all a; G V n . Take w G "P n . If n is a free time, there 
is nothing to prove. If n is a return time, either essential or inessential, we have by 
construction f n (uj) C k for some \m\ > A and k = 1, 2, ... , m 2 , and thus ^ f n {u)- If 
n is a bound time, then by definition of bound period and the basic assumption C3) for 
all x G to whit m T ( n _i) > we have 

> /n-l-*,(»-l)(_l) _ / n -*7(n-l)(/^{n-l)(a;)) - / n ~ l-^(n-l) ( _ 1 ) | 

> g-"("-*7(n-i)) _ g-/3(n-z 7 ( n -l)) 

> g-a(n-2 7 (n-l))n _ g-(/9-«)(™-* 7 (n-l))) 

> 0, since /3 — a > and n — z 7 ( n _i) > 1. 

The same conclusion can be drawn for u G P„ with m 7 ( n _i) < 0. We just need to replace 
— 1 by 1 in the above calculation. 

Now we want to estimate the length of \f n (u)\. The next lemma follows from Lemmas 12. II 
and 12.31 above exactly in the same way as in |Fr05[ Lemma 4.1]. 
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Lemma 2.4. Let z be a return time for u G V n ~\ with host interval I* k and p = p(m); 

(1) assuming z* < n — 1 is the next return time for u, either essential or inessential, 
and defining q = z* — (z + p), we have 

and for sufficiently large A it follows that \ f z *(u)\ > 2|/ 2 (o;)|; 

(2) if z is the last return time of u up to n — 1 and n is either a free time or a return 
situation for u and put q = n — (z + p), then 

(a) |/ n H| > c{5)\ C} e^W^^\f z {u)\, 

(b) if z is an essential return and for a sufficiently large A 

\f n (u)\ > c(5)A 9 e^TO^ |m| ; 

(3) if z is the last return time of u up to n — 1, n is a return situation and f n (uj) C U\, 
then for a sufficiently large A and q = n — (z + p) 

(a) |/»| > A^-^^HirMI > 2|/»|, 

(b) \f n {oj)\ > A«e-TO |m l if z is an essential return. 

The next lemma tells us that the escape component returns considerably large in the 
return situation after the escape time. Though the content is similar to a lemma in |Fr06 
Lemma 4.2], here we cannot use the quadratic expression of the map. 

Lemma 2.5. // u> 6 P ( is an escape component, then in the next return situation ti for u 
we have 

Proof. If f^iui) ^ Ui, there is nothing to prove. So suppose that f^ioj) C U\. Since u is 
an escape component at time t it follows that 

/*(k0 Im,m 2 , with \m\ = A — 1. 

First we assume that /'(a;) C I m . Without loss of generality, assume that m > 0. By 
definition of p = p(A), for every j = 1, . . . ,p — 1 and x G u 

\p-\-l)\ - |/*'(s)| < \P + \x) - p-\-l)\ < e-M. 



Hence 



\f j+ \x)\ >\fi-\-\\\ - 



e 



>e~ aj - e" ft ' = e~ aj (l - e {Q - w ), (BA) 

>e~ ap {l - e a ~ p ), j <p, a - (3 < 

> e - a ?w A (l-e a - /3 ), p< - "t 1 , A 



+ log A c 



> e - a /3+ S logA c A ) 1 _ e a 'P > e - Q /3+logA c 

A s + 2 

>e" A a - 7 , < 1. 



73 + log A c 



n 



Therefore, there is no return situation during times j = 1, . . . ,p — 1 and then t\ — t > p. 
Hence 

\f^(u)\ =l/* 1_ *(/*(w))| = (f^nfix))]^, for some x G 
=(/ 9 ) / (/ pW (x))(r) / (/ t (x))|/ t (w)| ) q = t 1 -t-p 

>-A% (1 ^W& )A |/*(u;)|, part 3 of Lemmas IQT231 

>l eW k^% (1 -^ )A e- i , > 6 " A+1 ~ > — 

- e A 2 ' M 1 ;| - (A-l) 2 A 2 

> e p /3+iogA c ^ ^ large enough. 
Suppose now that J m C /'(a;). If ti — t > p(A), then we obtain the result by knowing that 
|/*»| = |/^-*(/«(a;))| > l/M^I > C/* 1 "')^) for some x G J mj 

and following the proof in the previous case. Now we consider the case when t\—t< p(A). 
In this case, the points in I m are in the bound period. So, for every i£/ m 

second inequality holds because (3 > a and t-y — t is large by taking A to be big enough. 
Therefore 

|/^)| ^dist^-'OU^A) 

> e -m-t) _ 6 -a 

> e -^(A) _ e -A 

> e -^^+ s io g 2 A c A _ e - A 



> g ^/3+log 



□ 



Before we give the bounded distortion result, we prove a preliminary result. Let us define 
S)(w) as a distance of the interval u from critical point, i.e. 



D(cu) = inf \x\. 

X(:CJ 



Lemma 2.6. Given an interval oj such that \uj\ < D(oj), there exists C\ > such that 



sup 

x,y£uj 



f'(y) 



" DM 



Proof. Outside some small neighborhood (— eo, eo) of the origin, both /", /' are bounded 
from above and below by constants which depend only on the map and eo- Then the result 
follows immediately if u D (— eo? eo) = 0- Inside a neighborhood (— 2eo, 2eo) we have 

K 2 \x\ s ~ 1 < f{x) < K x \x\ s -\ 
K' 2 \x\ s ~ 2 < \f"{x)\ < K[\x\ s - 2 . 
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Now suppose that uj D (— eo,eo) 7^ 0. Since \uj\ < 2)(o;) < €q, then we have uj C (— 2eo,2eo) 
and 

\f"(x)\ < K[^ s - 2 {uj), for all x E w; 

l/'Ml^tfaa-V), for all yew. 
Hence, by taking quotient and supremum, the result follows. □ 

Proposition 2.7 (Bounded Distortion). There is C2 > (independent of A) such that for 



all u £ V n with f n+ (uj) C Ua , where A c 



P 



s+2 



/3+logA, 



■A 



, and all x, y G uj 



(f n+1 )'(x) 

(f n+1 )'(y) 



^c 2 



Proof. Consider the set of return times and host indices of uj as R n+ i{uj) = {z , . . . , z 7 ( n+ i)} 
and Q n+ i(uj) = {(m 1; /ci), . . . , (m 7(n+ i), /c 7 („+i))} respectively. Let ^ = P(uj), p 3 - = p(uJ Zj ), 
Xj = P(x) and yj = P(y). Using the chain rule, we write 



(/ 



J 3 j 



n 



< 



n 



(f n+1 )'(y) f = L f'(y. 

According to this, the proof is completed by showing that 



5 = E 

i=o 



Em* 

i=o 



is uniformly bounded. By the Mean Value Theorem we also have \f'(xj) — f'(yj)\ < 
— Z/jl f° r s° me £ between Xj and yj. Therefore, 



I A- 1 < sup 



f(6 



We first estimate the contribution of the free period between z^_i and for the sum S: 
Without loss of generality, assume that m { > 0. Since uj z . C J+. C [e"!"^- 2 , e -l m 'l +1 ), 



la;.. I < 3- 



-|mj|+l _ g- 



e- 1 



(Kl - !) 2 



(l^i 



(7) 



For j E [zi^+Pi-^Zi - 1], 



ia» Zi i>ir^(^)-r^'(%-)l 

= 1 1 l^j — I , for some £ between x,- and ?/j 

> A Zl ~ J |xj — Vj\, by Lemma 12.11 

Moreover, ujj stays out of (—5,5), which implies 5 < D(ujj). Then the hypothesis of 
Lemma 12.61 holds: 

N < \ j ~ Zl \uJ Zl \ < 3X j - Zi 7 , V* e" KI < 5 < ®(uj). 

(\mi\ - l) 2 
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This gives 

Zj — 1 

E w 

j=«i-i+Pi_i 



Zj— 1 

E 

j = 2i_l+Pi_l 



sup 



/'(6) 



z»— 1 



j=*i-l+Pi-l 



A - 1 



We have seen in ([7]) that the hypothesis of Lemma [2761 for tu Zi is also satisfied (e ' mi ' 2 < 
2)(u; 2i )). Then the contribution of the return time Z\ is: 



\A Zi \ < sup 



1^,1 < 



< dK|e KI + 2 = e^lwJe^l. 



Now we compute the contribution of the bound period, j G (zi,Zi + Pi). Let's take 
cj* = (0,e~' mi ' +1 ] and u* = p(u)*). As we are in the bound period, \oj*\ < e _/3j and 

Kl =|(/ i_1 )'(OIKI for some ^^C [-1, /(e-^l +1 )] 

^7^-|(/ i-1 )'(-l)IKI LemmS 



Therefore, K/^ 1 )^-!)! < cM < Q 



Now 



|/'(w,)l=MI(/')'(OI, for some 

=l^ll(/ J - 1 ) / (/(0)ll/'(OI 
<a>KII/'(OII(/*" YC-i)! 



<c 2 |^|^ ie 



(i-Ki)(s-i); 



but (6w 2 ,C [ e -K|-2 ; g-KI+i^ which imp i ies t h at \f{£)\ < /f ie (i-KI)(«-i). And 



*i = w e -Ki+i\ + i > r^ e (i-KI> 

s 



Consequently, 



^2 



(l-\mi\)(s-l) e -0j e (\rm\-l)s _ q 



Combining (J7J) and (jHJ), 



(K|-l) 2 
If A is large enough such that 3C' 

e- 1 



(Kl -I) 2 



(A-l) 2 



1 < e^, then 



3C"- 



1 < 3g / _g + i < e 0-« < e ^-a)i. 



vKI-1) 2 - (A -1)2 
On the other hand, for j in the bound period and x G u z . n 
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(8) 



(9) 



which implies that T>{fi{uj Zi )) > e aj ' — e ™. Thus by (151), we have 



S)(/- ? 'K))>e" QJ -e-«>3C" 



e- 1 



(Kl - l Y 



Using Lemma 



sup 



r(6) 



< 



Ci 



< 



Now we are ready to compute the contribution of the bound period 

mi) 



Zi+Pi— 1 Pi — 1 

£ i^i^irMi sup 

j=z j+ l j=i Ci,6epK- ! ) 

Pi-l 



<E ClC " 

3=1 

<dc" 



mi|_ 



e -aj _ e -/3j 
,|m<| 



(1 - e""/ 3 ) 



2 I z » 



If we assume that n < z 1 + p 7 , then we split the sum ^2 \Aj\ into three sums according to 

3=0 

free period, return time and bound period: 

n 7(n+l) / zi-l Zi+pi-1 

E^i = E E 1^1 + 1^1+ E i^-i 

3=0 i=l \ j=Zi_i+pi_i j=zi+l 



7 (n+l) 



S E 

i=l 
7(n+l) 



A - 1 

) 

R>A i:\rm\=R 



(1 - e a ~P) 



2 I 



W 2 



<2^V V . 



R 



We have last inequality, because by the first part of Lemma 12.41 if {z^ : j = 1, . . . , r} is a 
set of returns with depth i? that is in an increasing order, then 



E 

i:\m,i\=R 



^K.|<^2-^'KJ<2KJ<2 

3=1 3=1 
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e -R _ e -R-l 



R 2 



Finally, if n 



1 > z, 



p 7 , then we take care of the last piece of free period, i.e. 



j G [&y + p-y, n\. In this period of time we have 

\u n+1 \ = (f n+1 ~ j )'(0\u>j\ for some f G Uj 



First suppose that \u n+ i | < $5. Then < X j - n 5 < 5. Since during the last free period 
ojj is outside of (—5,5), we have !D(u>j) > 5. Therefore |cuj| < 2)(cuj). Lemma EH] gives that 



sup 

a, 6 



< 



and so 



E 



sup 



r(6 



f(6 



f(6 



j=z~t+P~< 



DM 



A 



Now suppose that \co n+ i\ > -5. Let q > 2 7 + p 7 be the last integer such that \u q \ < -5. 



Then 



1 > > -A"-«|a;, +1 | > \\ n+l - q 5, 



which implies that n — q< 
close to we have 



e e e 

l-logg 
log A 



1. On the other hand, for parameter value a sufficiently 



sup \m)-fo(0\<e- Ao forallj = 0,l,...,n-g. 

«G/\{0} 

So, fQ~ q ((jj q ) is contained in a small neighborhood of and since fo is a Misiurewicz map 
with negative schwartzian derivative, there exists a constant K < oo independent of A such 

that ,fl < i^; see [dMS93l Proposition V.6.1]. By knowing that n — q is bounded 

and derivatives of f a depend continuously on a, we may take a sufficiently close to in 
order to have 



ur q y{y q ) 



^ < 2K. 



□ 



3. Return depths 

In this section we look more closely at return depths. This provides the first basic idea 
for the proof of our main theorem: the total sum of the depth of bound and inessential 
returns is proportional to the depth of the essential return preceding them. Though we 
follow the same strategy of |Fr06] , we include detailed proofs for the sake of completeness, 
as the conditions in our maps and some estimates are different. 

As it was seen, there are three types or returns: essential, bound and inessential, which 
are denoted by t, u and v respectively. Each essential return might be followed by some 
bound returns and inessential return. We proceed to show that the depth of an inessential 
return is not greater that the depth of an inessential return that precedes it. 
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Lemma 3.1. Suppose t is an essential return time for u G Vt with I m ^ C f l {oj) C -^fc- 
The depth of each inessential return v before the next essential return is not grater than t]. 

Proof. It follows from the first item of Lemma 12.41 that 

|/»|>2|/*(o;)|>2|/ m)fc |. 

But since v is an inessential return time, f v {uj) C I mi) k 1 for some mi > A and 1 < k\ < m\ . 
Therefor, \I m ,k\ < |-^mi,fci|> which implies that m > vii\. □ 

The same conclusion can be drawn for bound returns. 

Lemma 3.2. Suppose t is an essential or an inessential return time for u with /'(a;) C I^ nk 
andp is the bound period associated to this return. Then for x G u, if the orbit of x returns 
to Ua between t and t + p the depth is not grater than m. 

Proof. There is no loss of generality in assuming m > 0. Since we are in the bound period 
- \f^(x)\ < \f j -\-l) - f t+j (x)\ < e-«, for j = l,..,p- 1. 

Accordingly 

\f + Kx)\>\r\-l)\-e-^ 

>e~ aj - e- pj = e~ aj (l - e {a ~ p)j ), (BA) 

>e- ap {l - e a ~P), j < p, a - (5 < 



8 + 1 



> e -"?+raH(l _ e «-P) p < ___ | m | 

> e ~ a wwz\ m \ 1 _ e Q ~^ > e ~ a PW-c [ml 

>e _|m| . 

The last inequality holds by taking a small such that a p+^gx < 1- D 

In the proof of the next lemma we shall use the free period assumption (FA) in |Ro93t 
page 255]: parameters a G E have been chosen in such a way that if 

= #{z < n : i is a free time for ±1} 

then 

H±>(1- e)n, for all n > 1, 
for some small positive constant e (not depending on a). 

Lemma 3.3. There is C3 > swc/i t/iat if t is a return time for u G Vt with I^ lk the host 
interval, p is the bound period associated with this return, and S is the sum of the depth 
of all bound returns between t and t + p plus the depth of the return t that originated the 
bound period p, then S < C^\m\. 

Proof. Suppose u\ is the first time between t and t + p that the orbit of x G u enters Ua- 
Since the bound period at time t is not finished yet we say at time u\ there is just one 
active binding to the critical point and we call u\ is a bound return of level 1. At time u\ 
the orbit of x establishes a new binding to the critical point which ends before t + p that 
we denote by p\. During the period from U\ to u\ +p\ a new return may happen and its 
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8 + 1 



level is at least 2 because there are at least two active bindings: the one initiated at t and 
the one initiated at u\. But new bound returns of level 1 may occur after u\ + pi- In this 
way we define the notion of bound return of level i at which the orbit has already initiated 
exactly i bindings to the critical point and all of them are still active. By active we mean 
that the respective bound periods have not finished yet. 

Here we use free period assumption which gives that from ttot+p, the orbit ofiGw 
can spend at most the fraction of time ep in bound periods. Now suppose n denotes the 
number of bound returns of level 1 at U\, . . . , u n with depths mi, ... , m n and bound periods 
Pi, ■ ■ ■ ,p n - Then Lemma 1231 applies: 

S — 1 x - S + 1 

— — > ImA < > Pi < ep < e— — — \m . 

/3 + log4^' /3 + logAj 1 

Hence 



\ mi \ ^ e 



s + 1 (3 + log 4 



m . 



i=l 



7? + logA c s-1 

Now let rii denote the number of bound returns of level 2 within the i-th bound period of 
level 1 at iiji, . . . , Ui ni with depths ma, . . . , m ini and bound periods pa, . . . ,Pi ni - Then 



x - x - S + 1 

— — > \mn\ < > pa < epi < e— — —\mi 

/3 + log4^' v\-Z^^3-^- ^ + logAc l 



Consequently 



ff, |^ s + 1 /3 + log4 , s + 1 /3 + log4 2 

> > \rrii A < > e- — — ImA < e- — : ; — m 

Z^Z^i - /5 + l og A c s-1 1 '- v /3 + logA c s-1 



=1 3=1 

By induction we have 



oo 



s + 1 /3 + log4 

o < > I a- — : — I \m\ < Cz\m\ 

(3 + log A c s-1 



i=0 



for 



s + 1 /3 + log4 / s + 1 /3 + log4 

a— — ; ; ; — < 1 and G3 = I 1 — a 



"(3 + \og\ c s-1 V /3 + logA c s-1 



□ 



Lemma 3.4. There is C4 > sitc/j i/itrf i/£ zs an essential return time for u £ Vt with 
host interval fc and S is the sum of the depths of all free inessential returns before the 
next essential return, then S < C^m). 

Proof. Suppose that n is the number of inessential returns before the next essential return 
situation with time occurrence V\, . . . , v n , depths mi, ... , m n and bound periods p\,...,p n . 
Also denote by v n+ \ the next essential return situation. Let ujj = f Vj (u) for j = 1, . . . , n+ 1. 
We get by Lemma [2.41 

I I \ \<7o -^ttct^t-M 1 \ U j+l\ ^ \q~ (1-/3 a ", +2 , 

\u>i\ > \ H 'e ^/s+iog^c 1 1 and > A yj e v M /3+io g A c ; si 
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where qj = Vj+i — (vj + pj) for j = 1, n. Using equality 

I w n+l| = 1^1 1 



n 

I 



n 



we have 



Therefore 



A^=° e P/5+iogx c l m l e j=i <K+i|<e. 



\m\ + 1, 



E fl - £ R S J\ ) HI < P R S J\ H + 1 - log A^ 9j - < p- 

(3 + \og\J /3 + logA c /3 + logA c 

which easily gives the desired conclusion. □ 

4. Probability of essential returns with a certain depth 

In the previous section we studied the depth of returns and we saw that only essential 
returns matter. Now we proceed with the study of second basic idea for the proof of our 
main theorem: the chance of occurring very deep essential returns is very small. The main 
ingredient of the proof is bounded distortion. Again we follow the same strategy of |Fr06j . 

For each x G / and n G N there is an unique u G V n such that x G u. Now let r n (x) 
be the number of essential return situations of oj between 1 and n, s n (x) the number of 
those essential return situations which are actual essential return times, d n (x) the number 
of those essential returns which have deep essential return with depth above threshold 
> A whose upper bound is 4 § (each return will be followed by a bound period of 
length greater than 4 ^ , Lemma f2 . 3 1) . But the essential return situation is a chopping 
time and it can be a return time or an escape time for every chopping component, so 
r n (x) — s n (x) is the exact number of escaping times of oj. 

Given an integer d with 

/3 + log4n 
s — 1 B 

an integer r with d < r < n and d integers mi, . . . , > 0, we define 

r n (x) = r, d n (x) = d, and the depth of the j-th 
deep essential return is mj for j G { 1 , . . . , d} 



A r m L,m d (n) = < xel 



Proposition 4.1. We have 



J ^-mi,...,m d ( n ) 



Proof. Take n G N and oj G Vq. For every oj G V n with oj C c^o and r n (w) = r, let 
indicate the element of the partition 7\ containing oj where tj is the i-th return situation. 
We have < ti < t 2 < . . . < t r < n and oj D oji D . . . D oj r = oj. 
For each i G {0, . . . , n} we define 

Qi = {oJi : oj G V n and oj C oj with r n {oj) = r}. 

19 



Fix d integers < u\ < U2 < • • • < Ud < r with Uj indicating that the j-th deep essential 
return occurs in the w^-th essential return situation, i.e. t Uj is the j-th deep essential return 
time. Now we just consider those elements of the partition V n which are subsets of ojq with 
r times essential return situations and at its Uj-th essential return situation its j-th deep 
essential return time occurs with depth rrij. And to do that, set V^(0) = Uq. For i < r we 
define V{i) recursively. Suppose that V(i — 1) is already defined. If < i < Uj, we set 

v{i)= |J wn /-**(/ \c/e)nv(i-i), 

and if % = Uj we set 

V{i) =[Jwn /-**(/„,. n i_ m .) n V(i - 1). 

Observe that for every i G {l,...,r} we have i^^ni < 1; but we find a better estimate 

fo r | v(X-\)\ - Take Uu 3 e V ( u j) n Qv-i anci e - 1) H Q Ui -i. We consider two 

situations depending on whether t Uj -i is an escaping situation or an essential return. 

(1) First suppose that t u -i is an essential return with depth m. Then 



- i ~ p where u u x = n / <Uj (^Ao) and A o 



3 + 2 A 



l/ s 'KJl ™ 

< C^-j — j — —— ~~r , by Mean Value Theorem and Proposition 12.71 

2e -m j 

< Co-, — 7 r, by definition of uj,, .. 

- 2 i/ s_i (^-i)r 

we consider two cases, 

(a) if Cj Ui _i = then by Lemma [2^1 part (3b) 

|/M£ Ui -i)|>e-^fe m . 

(b) if & Ui -x ^ (jJ Ui -i, then (u u ._i) has a point outside U& . Since we are 
assuming u Ui ^ and u u% C u) Ui _i, therefore (a) Ui _i) has a point inside 
[/a and then 



\f tu '(Ld u ^i)\ > e~ p ?+^c - e" A > e~ p ^+^ 

c c 

Hence 



q s + 3 ^ q s + 3 

On the other hand, we have m > A which implies e p /3+i°gA c > e p,9+iogA c 



Consequently, in both cases we have 

-, r ^ O5 — — r, 
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Note that when Uj — 1 = Wj-i, then m = m Uj _ 1 > O. On the other hand, if 
Uj — 1 > Uj-i, then t Uj -\ is an essential return with depth m < < rrij-i. In both 
cases 



K e m ' 



< 2C 2 - a+3 - . (10) 



(2) now suppose t r ._i is an escape situation. We have a same estimate as in f llOl) . We 
only use Lemma [2.51 instead of Lemma [2.41 in (a). 

Now it follows that 



\VM\= E 



l w «i-i| 



< 2C , 2 e- m ^e /3 ^fc mj - 1 J2 



\ U Uj-l\ 



s+3 



< 2C , 2 e- m ^e p w^^-i|y( Mj - 1)|. 
Therefore we have 

s + 3 



|F(«)| = (2C 2 ) d exp - 1-/3 



/3 + logA ( 



) Yl m ^j ^^^ mo \V(0)\, (11) 



where m = if o;o be (5, 1] or [— 1, —5), and m = |?7| if ojq = I n ,K for some \rj\ > A and 
fc G {1, 2, ... , r/ 2 }. Let B = P p*££ Xc , and from ([UJ) we see that 



< (2C 2 )<^) exp ( -(1 -£)X>, ) £ e 
<(2C 2 ) d Qexp ^-(l-B)^m^ ( 
<3(2C 2 ) d Qexp ^-(1 - 2J) J^-J 



w 



2(1-5)+ e B|mol e -|m | 
|mo|>A 



3=1 



the last inequality holds since dQ < m j an d we can chose 6 sufficiently large. □ 

i=i 

As a corollary we can find the probability of the event that j-th deep essential of its 
elements reach depth m, i.e. 

A r >d ( n \ — / x e j . r„(i) = r,d n (x) = d, and the depth of the j-th 1 
mj [ ' deep essential return is m J 
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Corollary 4.2. If is large enough, then 



A m,j( n ) 



Proof. Note that A%{n) = U ^.....^ 



mi >e 



,_i,m,m,-|_i,...,md 



'n). By Proposition 14. 1[ 



< 



°+ 5 , )m 



for B large enough such that e 1 p /3+io g A c w < i 

r?=e 



□ 



5. The measure of the tail set 

Here we finish the proof of Theorem First we check the non-uniform expansion and 
later the slow recurrence to the critical set. 

5.1. Nonuniform expansion. Assume that n is a fixed large integer. We define 

E^n) = {ie/:3ie{l,...,n} such that \ f(x)\ < e~ an }. 

Take x G I \ Ei(n) and suppose that return times of x, either essential or 

inessential up to time n. Let pi be the associated bound period originated by return time 
Zi. Set z = and if \x\ > 5, set po = 0. We define qi = Zi+i — (zi+pi) for i — 0, . . . , 7 — 1 
and 

if n < z 1 + p 7 , 

n — (z 7 + p 7 ) if n > z 7 + p 7 . 



9o 



Take c = -^j-s — /3 — set. If n > z 1 + p 7 , then by Lemmas 12.11 and 12.31 we get 



i=0 

> c(5)e^-« n , log A > log A c > ^ - 

> c(5)e san e cn , n big enough such that c(5)e san > 1 

> e cn . 
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If n < z 7 + p 7 then by the same lemmas and the fact that x ^ Ei(n), it follows 

7— 1 7— 1 

> ^2 e -«n( s -i) e io g A(n-, 7 -i) e Io ^S^ e ^-«S^ ; Lemmas O and O 
Co 

> — ^ e - an ^ 1) e (1 ^^ )(n ~ 1) , n large such that ^ e -*n(s-i) e -as-c > e -asn 

v> g-asn e (as+c)n 

> e cn . 

Therefore we have proved that if x ^ Ei(n), then (f n )'(x) > e cn for some c > 0. We will 
show that 

I Ei (n)| < e" nn , Vn>JVi, 

for some constant ri(a,/3) and an integer iVi(A, ri). 
We can take = A in (fT2"j) and define 

4,.^/ \ ^ T r n (x) = r,d n (x) = d, and there is an essential 

return with depth m 

for fixed r,d (d < r < n) and m > A, and 

A m ( n ) = ^x E I : 3t < n such that t is an essential return and G I m \, 

for fixed n and m > A. Since A r ^{n) = [j A^^n), by Corollary 14.21 

i=i 

< E |<;W| < rfQe-^^fc) m . (13) 
j=i \ / 

/3 + log4 n_ 

s-1 A n 

Since AJn) = Q U ^V), then by ([13]) 

l3 + log4 _n /3 + log4 _n 

-1 A n s-l A n 



s-i a n s—i a rt /■ \ 

iA»(n)i< E EW(^ E E rf (j e ~ (1 ~"^ )m 

;3+log 4 _n /3+log4 _n 

s-l A n / \ s — 1 A / 

^1 r=d V«/ d=1 \a 



- A /3+log4 n I 



Take R = . The Stirling Formula 

V^rm^e - " < n! < v^7rnn n e -B f 1 + — V 

V 4n/ ' 



23 



implies that 



So 



n \ n' 
< Const - 



RJ ~ {n - R) n - R (R) R ' 



^< Const ((l + T i 7 , U 



-V\ (l--)n 



By Taking h(A) = (1 - f ) log [ [ 1 + ) ( 1 + ) ) we have that h ( A ) ~> when 
A — > +oo and 

n R ) < Const e h ^ n . 

Since the depths of inessential and bound returns are less than the depth of the essential 
returns preceding them, for n such that an > A 

+oo 

Ei(n) = |x E I: \f(x)\ < e~ an for some i E {1, ••■ C (J A m (n). 

m=an 

Let us take A large enough such that h(A) < (1 — R+k>g\ )f • Then 

3 +°° 

|Ei(ri)| < Const ^e h ^ n ^ e^ 1 "'*^" 1 

m=an 

< Const ^-e h ^ n e-^J^ )an 

A 

3 

< Const — e 1 p /3+iogA c ^ 2 

A 



< Const -re" 2rin 
A 



where ri = (1 — (3 w^r\ )f an d n i s large enough such that 



n 3 



Const — e" rin < 1. 
A 

Therefore, for large n, say n > Ni, we have (f n )'(x) > e cn for every x E I except for the 
points in E\(n). Now we exclude the points which do not verify ([2]), i.e. 

Ei = n u Eiw- 

fc>Af n>fc 

On the other hand, since for every k > N± 

53|Ei(n)j < Const e" Tlfc , 

n>fc 
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Borel-Cantelli Lemma implies that |Ei| = 0. As a result, (j2J) holds on the full Lebesgue 
measure set / \ Ei. Note that {x G / : £{x) > k} C (J Ei(n). Thus for k > Ni 

n>k 



{x G I : > A;} 



< Const e- Tlfe . 



Therefore, there exists C = C(Ni, Ti) such that for all n G N 



{x G / : £ (x) > n} 



< Ce 



Tin 



5.2. Slow recurrence to the critical set. We define for every x and n, 



1 n— 1 

T n (z) = -V-log(d,(.POr),0)), 



j'=o 



where 5 = e . Note that the only points of the orbit of x that contribute to the sum 

are those with deep return and its depth is above the threshold G > A. According to the 

basic idea expressed in Section [3J, in order to obtain a bound for T n we only need to find 

an upper bound for the sum of inessential and bound returns depths occurring between 

two consecutive essential returns. Using Lemmas 13.31 and I3.4[ it can be seen that if t is 

an essential return time with depth \m\ then sum of its depth and depth of all inessential 

returns and bound returns before the next essential return is less than (C3 + C^C4)\m\. 

d 

Thus, if we define F n (x) = m j such that d be the number of essential returns of x with 

3=1 

depth above G up to time n and m/s are their respective depth, then it follows that 



C 

T n (x) < — F n (x), 
n 



C5 — C3 + C3C4. 



(14) 



We define for all n G N, 

E 2 (n) = {xel: T n (x) > e] 
From (|14p . it can be concluded that 

ne 



E 2 (n < 



x G / : FJx) > 



In order to complete the proof of Theorem |AJ we show that 

ne 



x G / : FJx) > 



< e 



Lemma 5.1. Let < t < (1 - /3 



s+5 



i . For Q large enough, 



E (e tFn ) < Const ^e h ^ n , 



where E is the mathematical expectation. Moreover h(Q) — > when — > +00. 
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Proof. 



E (e tF » ) = E (e* E ?=i ™A = ^ e * ^-i " 

r,d,(mi,...,m J ) 

r,s,(m 1 ,...,m„) 



^mi,...,m d ( n ) 



where Q) is the number of integer solutions of the equation x\ + . . . + x<i = Q with 
Xj > for all j. So 

<5) < #{solutions of x 1 + . . . + x d = Q, Xj G N } = y ^ ^ ^ ^ . 
By Stirling Formula we have 

Q + d-i\ rg + rf-i)^- 1 

1 < Const - 



Q J\ d-l 

Since <i0 < Q, each factor in the last expression can be made arbitrarily close to 1 by 
taking large enough. Therefore 

d — 1 



and 



Now 



r,d,Q V 7 r,d,Q v 7 r,d V 7 



)3 + log4 n_ 

(\ s-l e n 

:)<- e E' r 
7 d=l r=d 

/3 + log 4 n_ 

s-i e 

E, n 

d=l 



d 



/3 + log4 n_ 

s-i e 

E, n 



< 



/3+log4 n 

(3 + log 4 n 2 / n 



„ _ 1 C\ I /3+log4 n 
f> 1 W V s-l e 
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Using again the Stirling Formula, we have 



E (e' F ") < Const ^e h ^ n 

where h(8) — > when O — > +00. 

If we take t = (1 — R £^ x )\ and 6 large enough such that 2r 2 = — h{Q) > 



□ 



/3+logA c /3 



x e I : FJx) > 



— > < e c sE(e n J , Chebyshev's inequality 
C5 J 



< Const ^-e"*^e h(0)n 

tP' 

< Const— e~ 2r2n 

2 

for big enough n, say n > N%, such that Const ^e~ T2n < 1. Therefore, there exists 
C = C(JV 2 , r 2 ) such that for all n G N 



{2 G I : 7^(x) > n} 



< Ce 



Appendix A. Statistical properties 

Here we introduce the precise formulations of the statistical notions used in Corollary ITJl 
Let % denote Banach space of Holder continuous functions, for some fixed exponent 7 > 0. 
We consider, for some probability measure /1, the Banach space of essentially bounded 
functions L°°(n). 

A.l. Decay of correlations. We define the correlation of tp G % and ip G L°°(/x) as 

Cor^O, ipof n ):= J ip {rj} o f n ) dfi - J up dfi J ip dfi 

We say that we have exponential decay of correlations for Holder observables against ob- 
servables in L°°((j,) if there are C > and r > such that for all <p G "H, ip G L°°((j,) and 
n > 1 

Cor M (^o/»)<C7|M| 



A. 2. Large deviations. Given tp G H and e > we define the large deviation of tp at 
time n as 

n-l 



LD M (<p,e,n) := // 



72 8=0 ^ 



> e 



By Birkhoff's ergodic theorem the quantity LD^(y9, e, n) — >■ 0, as n — > 00. We say that we 
have exponential large deviateions for Holder observables if there are C = C(e) > and 
t > such that for all </? G "H and n > 1 

LD M (^,e,n) < C||^||e~ Tn . 
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A. 3. Central Limit Theorem. Let p G % be such that J ipd/j, = 0. Then 



hm - / (j2<poA dfi>0 



a 2 = lim - / > (pop] dp > (15) 



is well defined. We say the Central Limit Theorem holds for <p if for all a G 

n-l 

jJL I < x : 



i 1 \ /" a l x 2 

—= > 09 o Pfx) < a > I — )■ / — ^e~2^<ix, as n — y oo 



whenever a 2 > 0. Additionally, a 2 = if and only if 99 is a coboundary (<p 7^ ^ o / — ip for 
any ip G L 2 (p)). 

A. 4. Local Limit Theorem. A function <p : I — y R is said to be periodic if there exist 
p G R, a measurable function ^ : / — y R, A > 0, and q : I — > Z, such that 

y? = p + '?/>-'?/ ;o /' + Ag 

almost everywhere. Otherwise, it is said to be aperiodic. 

Let <p G % be such that J" <p<ip = and a 2 be as in ffT5"]) . Assume that <p is aperiodic 
(which implies that a 2 > 0). We say that the Loca/ Limit Theorem holds for <p if for any 
bounded interval J C R, for any real sequence {fc„}„ e pj with fc n /?i — > k G R, for any u G "H, 
for any measurable t> : J — > R we have 

x/np G M: ^ypof^x) e J + k n + u(x) + v(f n x) J j ->m(J)- 

A. 5. Berry-Esseen Inequality. If / admits a Young tower of base Ao C / and return 
time function R, then for any ip : I — y R define <Pa : A — ?■ R by 

iJ(x)-l 

Let <p G H, be such that J pdp, = and a 2 be as in ffT5]) . Assume that cr 2 > and 
that there exists < 5 < 1 such that J" |<Pa | 2 X|¥>a \>zdp> < Constz - ' 5 , for large z. If 5 = 1, 
assume also that J Iv^Ao^Xl^Aol^z^/ 1 * s bounded. We say that Berry-Esseen Inequality holds 
for p if there exists C > such that for all n G N and a G R we have 



e 2<r2 



/! ( I x : —= p o f l (x) < a > I — / ^e ^ dx 

11 I ' J-ooO-V^ 



c 

< 



IT 



5/2 ' 



A. 6. Almost Sure Invariance Principle. Given d > 1 and a Holder continuous ip: M — y 
R d with f pdpi = 0, we denote 

n-l 

S* n = /*> f° r eacn ^ > 1. 

We say that <p satisfies an Almost Sure Invariance Principle if there exists A > and a 
probability space supporting a sequence of random variables {S*} n (which can be {S n } n 
in the d = 1 case) and a <i-dimensional Brownian motion W(t) such that 
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(1) {S n } n and {S^} n are equally distributed; 

(2) S 1 * = W(n) + 0(n 1 / 2_A ), as n — > oo, almost everywhere. 
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